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Transition amplitudes between instantaneous eigenstates of quantum two-level system are evalu-
ated analytically on the basis of a new parametrization of its evolution operator, which has recently
been proposed to construct exact solutions. In particular, they are estimated when the Hamiltonian
varies infinitesimally slowly. The results, not only confirm the adiabatic theorem in the adiabatic
limit, but also bring us with an analytic estimation of the adiabatic approximation. The condition
under which no transition between different instantaneous eigenstates is allowed is also clarified.
A quantum system described by a time-dependent non-
degenerate Hamiltonian H(t), such that [H(t), H(t′)] 6=
0, does not possess stationary states, since, in general,
the mean value of an observable changes in time. The
eigenstates of H(t) (instantaneous eigenstates) depend
on time and evolve into those states that are no longer
the corresponding eigenstates of the Hamiltonian at that
time instant. The deviations from the eigenstates, how-
ever, become negligible under the situation where the
so-called adiabatic theorem [1–3] is applicable. The theo-
rem states that the nth instantaneous eigenstate evolves
remaining with continuity in the nth eigenstate at any
time instant. The condition for such an occurrence in a
somewhat intuitive sense is that the quantum dynamics
of the system is governed by a Hamiltonian that changes
vanishingly slowly in time.
The adiabatic theorem is so important to have been
constituting a basis of wide research fields [4–8]. In its
proofs, the deviations from the adiabatic limit, i.e., an
infinitesimal rate of variation over an infinite time in-
terval T → ∞ yielding a finite nonvanishing variation
of Hamiltonian, are estimated to be suppressed by 1/T .
The adiabatic theorem holds irrespectively of details of
the system under consideration, thus making it applica-
ble to a wide class of quantum systems. On the other
hand, any physically realizable process can not be in the
adiabatic limit because the time duration T can not be
made infinite and the physical process can be considered
at most approximately adiabatic. It is, therefore, of prac-
tical relevance to understand how well it is approximated
as adiabatic [9–12] and to estimate what the possible de-
viations from the adiabatic limit are. The theorem gives
little information on these issues and a precise estimation
of such deviations would require an exact knowledge of
the dynamics. It is thus desirable to have an access to ex-
act solutions of the dynamics and then natural to expect
to have new insights on these issues once a new strat-
egy to construct analytical solutions has been proposed.
In this respect, it is worth while stressing that such a
strategy for obtaining exact solutions for quantum two-
level systems was proposed recently [13, 14] and actually
several exactly solvable examples, exploitable also for in-
teracting qudits, have newly been obtained [15] according
to the strategy [14].
The purpose of this Letter is threefold. First, the
transition amplitudes between instantaneous eigenstates
of the general time-dependent Hamiltonian for quantum
two-level system are shown to be expressed analytically in
terms of appropriate quantities that parametrize the dy-
namics. It is remarkable that such analytical expressions
are available even if the dependence on the parameters in
the Hamiltonian is implicit. Second, the transition am-
plitude from one of the instantaneous eigenstates to the
other one is shown to vanish in the adiabatic limit (or
the infinite time-interval T → ∞ limit), confirming the
adiabatic theorem and its deviation from the adiabatic
limit (i.e., transition for a large but finite time interval
T < ∞) is evaluated analytically. An explicit solvable
example that can represent an adiabatic process is sup-
plied to illustrate the general characteristics. Finally, the
condition under which such a transition is suppressed is
examined and discussed.
Let a quantum two-level system be described by a
time-dependent Hamiltonian
H(t) =
(
Ω(t) ω(t)
ω∗(t) −Ω(t)
)
, ω(t) = |ω(t)|eiφω(t), (1)
where Ω and ω are time-dependent real and complex
functions, respectively. The instantaneous eigenvalues
E±(t) = ±
√
Ω2(t) + |ω(t)|2 and eingenstates |±〉t,
|+〉t =
(
e
i
2
φω cos θ2
e−
i
2
φω sin θ2
)
, |−〉t =
(
e
i
2
φω sin θ2
−e−
i
2
φω cos θ2
)
, (2)
are both time dependent, where tan θ = |ω|/Ω [16]. Ac-
cording to the strategy proposed in [14], the evolution
operator U(t) is given by
U =
(
a b
−b∗ a∗
)
,
a = cosχe−
i
2
(Θ−φω+φ), b = −i sinχe−
i
2
(Θ−φω−φ), (3)
2where Θ is an arbitrary function of time with Θ(0) =
φω(0)− φ(0) = 0 and
χ =
∫ t
0
dt′
|ω(t′)|
~
cosΘ(t′), (4)
φ =
∫ t
0
dt′
2|ω(t′)|
~
sinΘ(t′)
sin 2χ(t′)
+ φω(0). (5)
The function Ω, representing the longitudinal magnetic
field in the case of spin 1/2, is specified by
Ω =
~
2
(Θ˙− φ˙ω) + |ω| sinΘ cot 2χ. (6)
The original idea of [14] is such that, if Ω is so adjusted
to satisfy (6) for an arbitrarily given ω and a parameter
function Θ, then U is explicitly given in terms of them in
(3). One may regard (3) as a new parametrization of U .
In fact, if the evolution operator U is so parametrized by
χ,Θ and φ as in (3), the equations (4)-(6) are enough to
make U satisfy the Schro¨dinger equation.
It is convenient for the later use to rewrite the evolution
operator U in a compact form
U =
(
cosχe−
i
2
(Θ+φ−φω) −i sinχe−
i
2
(Θ−φ−φω)
−i sinχe
i
2
(Θ−φ−φω) cosχe
i
2
(Θ+φ−φω)
)
= e
i
2
σzφωe−iΦn·σe−
i
2
σzφω(0), (7)
where σ = (σx, σy , σz) is the Pauli matrix vector. We
have introduced a unit vector n = (nx, ny, nz) with
nx = sin ξ cosϕ− =
sinχ
sinΦ cosϕ−, ny = sin ξ sinϕ− =
sinχ
sinΦ sinϕ− and nz = cos ξ =
cosχ
sinΦ sinϕ+, and cosΦ =
cosχ cosϕ+, where angles are defined as ϕ± =
1
2 (Θ ±
φ¯), φ¯ ≡ φ − φω(0). Then it is straightforward to calcu-
late transition amplitudes between instantaneous eigen-
states. For example, the transition from the initial state
|+〉0 to the other eigenstate |−〉t occurs with an ampli-
tude (θ0 = θ(0))
t〈−|U(t)|+〉0
= cosχ cosϕ+ sin
θ − θ0
2
− sinχ sinϕ− cos
θ − θ0
2
+ i
(
sinχ cosϕ− cos
θ + θ0
2
− cosχ sinϕ+ sin
θ + θ0
2
)
.
(8)
Similarly, the other amplitudes are concisely expressed
in terms of trigonometric functions of χ, ϕ± and θ [17].
Notice that these expressions are exact and no approxi-
mation is involved.
Observe that the amplitudes are given by quantities at
time t and 0 and are apparently not dependent on time-
derivatives, while the adiabatic theorem dictates that the
transition amplitude (8) vanishes in the adiabatic limit.
This apparently puzzling observation may be resolved by
considering another parametrization. Introduce new pa-
rameters x and y by
x ≡ tanχ, y =
|ω|
~
sinΘ, x(0) = y(0) = 0. (9)
Then the quantities in the Hamiltonian are expressed as
|ω| = ~
√
y2 +
( x˙
1 + x2
)2
, (10)
Ω =
~
2
(Θ˙− φ˙ω) +
~y
2
(1
x
− x
)
, (11)
while
tanΘ =
1 + x2
x˙
y, φ˙ = y
(1
x
+ x
)
. (12)
Now consider the situation where the Hamiltonian varies
very slowly in time. Such a situation can be realized when
parameters x and y are both slowly varying functions
of time. Even though this is not the only possible case
to realize slowly varying Hamiltonians, for the sake of
simplicity and clarity we confine ourselves to such cases.
Since values of x and y need not necessarily be small
even though they vanish at t = 0, the parameter Θ is
almost always quite close to π/2 except for the initial
short period of time starting from Θ(0) = 0. Set Θ =
π/2− ǫ, then
ǫ = tan−1
(1
y
x˙
1 + x2
)
(13)
is an infinitesimal quantity ǫ ∝ x˙ ∼ 0 for all times except
for the initial transient times where ǫ ∼ π/2 and the
quantities appearing in (8) are re-expressed in terms of
ǫ. These quantities are approximated, for small ǫ and φ˙ω,
as
cosϕ± ∼ cos
(π
4
±
φ¯
2
)
+
ǫ
2
sin
(π
4
±
φ¯
2
)
, (14)
sinϕ± ∼ sin
(π
4
±
φ¯
2
)
−
ǫ
2
cos
(π
4
±
φ¯
2
)
, (15)
tan θ ∼ tan 2χ
(
1 +
tan 2χ
2y
(ǫ˙+ φ˙ω)
)
, (16)
while
tan θ0 = −
x˙(0)
ǫ˙(0) + 12 φ˙ω(0)
∼ −
x˙(0)
ǫ˙(0)
(17)
is also considered small if x˙(0) is infinitesimal and ǫ˙(0) ∼
− y˙(0)
x˙(0) is a finite, non-vanishing quantity (recall ǫ(t) ∼ 0
for t > 0 while ǫ(0) = π/2).
It is evident that at the lowest order, that is, in the
adiabatic limit, the transition amplitude (8) vanishes
t〈−|U(t)|+〉0 ∼ 0, ∀t ≥ 0, (18)
since we can set
cosϕ± ∼ sinϕ∓,
θ ± θ0
2
∼ χ. (19)
This is the manifestation of the adiabatic theorem in the
situation here considered. Needless to say, since the vari-
ation rates are infinitesimal, to achieve a finite dynami-
cal change, we need an infinite time interval T →∞. In
3other words, the variations rates are proportional to 1/T ,
i.e., x˙, y˙, φ˙ω ∝ 1/T → 0. Remark that this confirmation
of the theorem is based on the explicit knowledge of the
dynamics, which is made possible by the use of its new
parametrization. It is also stressed that the result is not
restricted to a particular solvable case, but covers a wide
range of cases where the functions in the Hamiltonian Ω
and ω are characterized by infinitesimally slowly varying
functions of time x and y. Of course, there are cases
where the present characterization of slowly varying Ω
and ω is not applicable, for which still other parametriza-
tion would be necessary.
Deviations from the adiabatic limit are reflected in the
nonvanishing transition amplitude (8) when the Hamil-
tonian changes with finite rates, or whenever we consider
a finite dynamical change within a finite interval of time
T <∞. Apparently in this case the transition amplitude
(8) is proportional to ǫ ∝ x˙, φ˙ω and y˙. We first approxi-
mately evaluate trigonometric functions of (θ ∓ θ0)/2 as
cos
θ ∓ θ0
2
∼ cosχ−
1
2
(
∓
x˙2(0)
y˙(0)
+
sin2 2χ
2y
φ˙ω
)
sinχ,
(20)
sin
θ ∓ θ0
2
∼ sinχ+
1
2
(
∓
x˙2(0)
y˙(0)
+
sin2 2χ
2y
φ˙ω
)
cosχ,
(21)
where for simplicity we have assumed that ǫ˙ is of higher
order in the variation and neglected it. Expressing the
trigonometric functions of χ as functions of x = tanχ,
we obtain
t〈−|U(t)|+〉0 ∼
xx˙
y(1 + x2)2
ei(
pi
4
−
φ¯
2
) −
x˙2(0)
2y˙(0)
ei(
pi
4
+ φ¯
2
)
+
x2
y(1 + x2)2
φ˙ωe
−i(pi
4
+ φ¯
2
). (22)
The transition probability from the eigenstate |+〉0 at
time t = 0 to the other one at a later time |−〉t, t > 0 is
vanishingly small when the variation rate of the Hamil-
tonian is infinitesimal and reads as∣∣
t
〈−|U(t)|+〉0
∣∣2
∼
(
xx˙
y(1 + x2)2
)2
+
(
x˙2(0)
2y˙(0)
)2
+
(
x2
y(1 + x2)2
φ˙ω
)2
+
x˙2(0)
y˙(0)
x
y(1 + x2)2
(
xφ˙ω sin φ¯− x˙ cos φ¯
)
. (23)
Remark again that the quantities in the Hamiltonian Ω
and |ω| are expressed as functions of x, y and φω and that
this expression is valid when variation rates of the latters
are infinitesimal.
As an example, we may consider a particular case of
physical interest. Choose the functions x and y as
x = sinαt, y = ν0 sinαt (24)
with parameters ν0 > 0 and α ∝ 1/T . Then we have
|ω| = ~
√
ν20 sin
2 αt+
( α cosαt
1 + sin2 αt
)2
, (25)
Ω =
~
2
(Θ˙− φ˙ω) +
~ν0
2
cos2 αt, (26)
where tanΘ = ν0
α
(
1 + sin2 αt
)
tanαt. Observe that the
physical system under consideration could be well ap-
proximated for small α, φ˙ω ∼ 0 by
|ω| ∼ ~ν0| sinαt|, Ω ∼
~ν0
2
cos2 αt (27)
except for the initial transient times, where we have
|ω(0)| = ~α, Ω(0) = ~ν0. (28)
By setting αT = π/2, we are going to consider a phys-
ical process where the magnetic field (for spin 1/2 case),
starting from an approximately longitudinal one (28) if
α = π/2T ≪ ν0, varies slowly in time characterized by
the trigonometric functions (27), reaching an approxi-
mately transversal one
|ω(T )| = ~ν0, Ω(T ) =
~
2
( α2
2ν0
− φ˙ω(T )
)
≪ ~ν0. (29)
Clearly the adiabaticity of the process is characterized by
the inequalities
α
ν0
=
π
2Tν0
≪ 1,
φ˙ω
ν0
≪ 1. (30)
Observe that in this case the parameter ν0 can be viewed
as a characteristic frequency relevant to the energy of the
system, while α is the fundamental frequency governing
the variation of the Hamiltonian. Since we are given
an analytical expression for every quantity (for example,
φ¯(t) = ν0(6αt − sin 2αt)/4α), the transition amplitudes
and probabilities are calculated without any approxima-
tion. The following figures show the behavior of tran-
sition probability |t〈−|U(t)|+〉0|
2 as a function of time
t for several values of ν0T , together with that of longi-
tudinal (Ω) and transversal (|ω|) magnetic fields. It is
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FIG. 1: (Color online) Magnetic fields Ω (left) and |ω|
(middle) and transition probability |t〈−|U(t)|+〉0|
2
(right) as functions of t for ν0T = 10 (dotted black
lines), 20 (broken blue lines) and 100 (solid red lines).
evident that in the large ν0T ≫ 1 limit, the transition
probability becomes vanishingly small.
4The analytical expression of transition amplitude (8)
enables us to investigate the condition under which no
transition between different eigenstates at any time is al-
lowed, t〈−|U(t)|+〉0 = 0, ∀t ≥ 0. The condition requires
the following relations to hold
tan
θ + θ0
2
= tanχ
cosϕ−
sinϕ+
, tan
θ − θ0
2
= tanχ
sinϕ−
cosϕ+
.
(31)
They are combined to yield
tan θ =
2 tanχ cos φ¯
sinΘ cos φ¯(1− tan2 χ) + cosΘ sin φ¯(1 + tan2 χ)
=
2
√
y2 +
(
x˙
1+x2
)2
y
(
1−x2
x
)
+ x˙
x
tan φ¯
, (32)
from which we obtain
φ˙ω = Θ˙−
x˙
x
tan φ¯, (33)
and
tan θ0 =
2 tanχ
tanΘ cos φ¯(1 + tan2 χ) + sin φ¯(1− tan2 χ)
,
(34)
which can be reduced to the following differential equa-
tion
d
dt
( x
1 + x2
sin φ¯+
1
tan θ0
1
1 + x2
)
= 0. (35)
The solution is easily found to be sin φ¯ = x/ tan θ0, which
leads to θ = θ0 and φ˙ω = 0 after transforming the solu-
tion to the relation between functions x and y. The result
is trivial in the sense that the instantaneous eigenstates
do not at all evolve in time.
In order to allow them to evolve, we need to admit
to add a finite quantity which is not constant but whose
velocity can be neglected. (This concept is in accord with
the notion of limit of adiabaticity, i.e., a finite change
with an infinitesimal velocity.) Now the solution of (35)
would be parametrized as
sin φ¯ =
x
tan θ0
(
1 +
1 + x2
x2
c
)
, (36)
where the function c (c(0) = 0) is assumed to be almost
constant in time but takes a finite nonvanishing value at
t > 0, like c = c(t/T ) for large T (0 ≤ t ≤ T ). We will
neglect terms proportional to c˙ ∝ 1/T , but keep those
proportional to x˙ or c. The above solution is converted
to the relation between x and y
y =
x˙
1 + x2
x
cos φ¯ tan θ0
(
1−
1− x2
x2
c
)
, (37)
which yields
Ω = ~
x˙
(1 + x2) cos φ¯
1 + 2c
tan θ0
, (38)
ω = ~
x˙
(1 + x2) cos φ¯
√
1−
4c(1 + c)
tan2 θ0
eiφω , φ˙ω ∼ 0. (39)
The consistency condition tan θ = |ω|/Ω requires that
c =
1
2
( cos θ
cos θ0
− 1
)
. (40)
Thus we have found that the condition that no transi-
tion between different eigenstates occurs requires that the
Hamiltonian has to be parametrized as above with arbi-
trary functions x, φω and c. The condition |x˙| ≫ |c˙| ∼ 0
is equivalent to θ˙ ∼ 0, implying, together with φ˙ω ∼ 0,
that the instantaneous eigenstates have to vary infinites-
imally slowly in time, though the Hamiltonian itself can
vary arbitrarily [12]. It would be interesting to see that
Eq. (38) can actually be integrated, thus assuring that
such a parametrization is always possible, to yield
tan φ¯ =
cos θ0
sin(2ζ)
( tan θ0
tan θ
− cos(2ζ)
)
, (41)
where ζ =
∫ t
0
ds
√
Ω2(s) + |ω(s)|2/~. This, together with
(36), entails to specify x in terms of Ω and |ω|. It is also
possible to show that when the Hamiltonian is character-
ized by the above Ω and ω, (38) and (39), the transition
amplitude (8) vanishes, provided c˙ ∼ 0, i.e., θ˙ ∼ 0.
In summary, the adiabatic theorem is confirmed on
the basis of the explicit expressions of the transition am-
plitudes (see (8) and also refer to [17]), which are de-
rived from the analytic solution of the quantum two-
level system [14]. What is stressed here is that these
expressions enable us to evaluate such transition ampli-
tudes directly in any physical situation, from the adi-
abatic to diabatic cases. For example, the deviation
from the adiabatic limit is evaluated analytically and it
is confirmed that the parameter characterizing the adi-
abaticity is given by the ratio between the fundamental
frequency of the variation of the Hamiltonian and the
frequency corresponding to its energy. The observation
is in accordance with the condition usually considered
necessary for the adiabatic approximation to be valid
~|t〈−|H˙ |+〉t|/(E−(t) − E+(t))
2 ≪ 1. Furthermore, we
have made it clear that the necessary and sufficient con-
dition that the instantaneous eigenstate of the Hamilto-
nian remains in the corresponding eigenstate at any time
is that the speed of variation of the eigenstate is negli-
gible compared with the frequency corresponding to the
energy of the system. This condition is not the same
as the traditional one just mentioned above and is free
from the insufficiency found for the latter [9]. It is also
remarked here that, since the conditions θ˙ ∼ 0, φ˙ω ∼ 0
actually follow from θ˙ sin θ ∼ 0, φ˙ω tan θ0 ∼ 0 under the
assumption of nonvanishing angles θ 6= 0, θ0 6= 0, there is
an exceptional case where θ ∼ θ0 is vanishingly small, for
which no further conditions are required for other quan-
tities [11]. These observations are made possible owing
to the explicit parametrization of transition amplitudes
and further applications to other fundamental issues, in-
cluding, e.g., the Landau–Zenner transition [4], will be
published elsewhere.
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